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The method of integral relations is applied to an approximate solution 

of dynamic and thermal problems in the propagation of laminar gas 

jets of small  radial  extent along a plane wall. In distinction from the 

work of Riley [1], a l l  the basic characteristics of the flow and of heat 

transfer are presented in a form convenient for pract ical  application 
over a rather wide range of variation of Prandtl number. 

We shall suppose that  an a x i s y m m e t r i c  jet  i s sues  
f rom a c i r c u l a r  slit  and propaga tes  along a plane wall 
which coincides with the plane z = 0 (r is reckoned 
f r o m  the axis  of s y m m e t r y  of the jet). We shall r e p -  
resent  the jet sou rce  as a slit  between the plane z = 0 
and a disk pa ra l l e l  to it. 

The sy s t em of different ial  equations defining the 
above p rob lem rega rd ing  propagat ion  of a gas  jet  along 
a wall,  has  the form,  in d imens ion less  coordinates ,  

P (  Vr OV,~+ V~ OVr "~= 0 ( Ix OV, t --~z ] ~ z  -~z  ]" 

0-7 (p rV,) + (prG) = o, 

P V ' ~ r + V " - - ~ z  ~ oz ~--~z + 

(ova?, 
+ ( k - - 1 )  M21a\ Oz ] 

1 
- - 9  P= i ~ =  in' i =  ICpT. (1) 

The boundary  conditions m a y  be wr i t ten  as  

Vr = O, V z = O, i = i~ at z = O, 

V , = 0  at z =  6, 

i = 0  at z = 6 , ,  (2) 

where 5 is the th ickness  of the wall l aye r  of the jet 
and fiT is the th ickness  of the t he rm a l  layer .  

The condition that  t he re  be a non- t r iv ia l  solution to 
the hydrodynamic  problem,  as is known [2], has the 
f o r m  

dr prVr 9rV2~dz d z +  pbtr2V r OVr dZ=O. (3) 
Oz 

o o o 

It is  c l e a r  that  fo r  pp = const  the second t e r m  on 
the left of this re la t ion  goes to ze ro .  In fact ,  s ince 

ip = 1, the p roduc t  p~p(1-n)/n" will be  constant .  But, 
if we take into account  that  0.74 -< n -< 1, then, over  
the whole range of change, we m a y  rep lace  the quan- 
t i ty p ( i -n) /n by the mean  value 

;(I--n)/n 1 i ' = - -  ~ t ( l - n ) / n d  Ix. (4) 
Ix 

0 

The mean deviat ion f r o m  the condition ptx = eonst  will 
then not exceed 10%. 

In view of this, the condition fo r  a non- t r iv ia l  so-  
lution of the hydrodynamic  problem for a radial  jet 
of var iab le  densi ty  p may  be ass igned in the f o r m  

6 z 

\ 0  ] 

We shall wr i te  the f i r s t  and th i rd  equations of s y s -  
t em (1), with the aid of the continuity equation, in 
the f o r m  

0-7d (prV:) + ~zO (p rVrVz) = -~z8 (p.r dVr)oz ' 

(rG) + ~ ( rG)= - -  ~ vt r + 
e Oz 

( OVr ' f  . 
+ (k - -1)  M~btr \ Oz ] (6) 

Car ry ing  out in tegrat ion of these  equations with 
r e spec t  to z, we a r r i v e  at the in tegra l  re la t ions  fo r  
a radia l  gas  jet in the f o r m  

6 

d I p r V ~ d z = _ ~ w r  [ OV____!_~ ] 
dr ; [ Oz _k=o' 

6 r 

dr o z=o 
o 

" { OVr 12 + ( k - 1 )  M~r f  ~ \ Oz l az (7) 
d �9 

The ve loc i ty  prof i le  and the change in enthalpy in 
the sect ions  of the jet  will be given by the polynomials  

v,  = V~axF ( %  

i = i d  (n,), (8) 

where  71 = z /6 ,  ~?T = Z/6T" 
The choice  of the polynomial  coeff ic ients  F(V) and 

f(~T) will sa t i s fy  the boundary  conditions 

F = 0  at ~ l = 0 a n d a t  ~1=1 , 
OF 1 

F = I , - - = 0  at ~ 1 = - - ,  (9) 
0~l 2 

f = o ,  Of =o ,  OV _ a  a~l, a~l~ _ _  at -%= 1, 

f = l  at ~ , = 0 .  (10) 

Then the max imum veloc i ty  in t e r m s  of the m a s s  
flow ra te  of fluid will be de te rmined  by the formula  

V~,x = G/2n rAip6, (11) 
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where  
1 

Aa = ~ F Ol)d~l. (12) 
0 

But if we take into account that 

p = lli~t (n0 ---- PJ~ (n,), (13) 

we obtain 

Vmax : G [  (n,)/2~ rAa p~6. (14) 

Then the  d e s i r e d  v e l o c i t y  p r o f i l e  wi l l  t ake  the  f o r m  

Vr = GF (~) / @:v)/2~ ~A~ p~6. (15) 

Taking  into c o n s i d e r a t i o n  that  

OVr z=o GF' (0) (16) 
Oz = "2~ rAa p~6 ~ ' 

we sha l l  g ive  the  m o m e n t u m  equa t ion  the  f o r m  

d ( G2 ) GA~ 
dr ~ = - -  2 ~ A o A a ~ 6  ~Ha(A)'  (17) 

whe re  

a = ~/~,  (18) 

A o = F '  (0), (19) 

1 

Ha (A) = A a ~ F '  01) [ 01,) d ~1,- (20) 
0 

If we use  condi t ion  (5), we f ind  tha t  

r 6 = G3Ea/(2~ Aa) a Pw E, (21) 

where  

E, = ~ F2(n)f(n,) F(q)d~l dn. (22) 
0 

Then the  d i f f e r en t i a l  equat ion to  d e t e r m i n e  the  f low 
r a t e  of f luid t a k e s  the  f o r m  

G 5 d  ( l ) = - - ( 2 ~ A x ) ' p w ~ % A o h '  Er2 
d--f- ~ EaHl (a--~ ) . (23) 

Carrying out integration of this equation, with the 
condition that the enthalpy iw does not depend on r, we 
obtain 

G = 2~tAah~f4p~b%AoEP/3E1h Ha(a) . (24) 

This  a l lows  us  to find the  va lue s  of a l l  the  b a s i c  flow 
p a r a m e t e r s .  Making the ca lcu la t ion ,  we obta in  

4 f 4 gwA______~ 2 - ' Ha (A) r 5 3A~E1A 
6----  

H~(a) V 
(25) 

4pw~w E 

3i V 4 9 ~ E A H a ( A )  
V~x  = ~ 3~% AoEar 3 ' (26) 

4 3 3e A.ae,) 
% = (27) 

4 A 4 ] /  4 p ~ A o E ~ r  ~1 ' 

V H 1 (A) 3E a h H~ (A) (28) 
K = 2~ A ~ 4 p ~  AoE~r 3 ' 

GK = 4~ "~ Aa EH,  (a) (29) 
E~ h~ ' 

G~ = 4n~w Aor/GA ~. (30) 

It i s  ev ident  tha t  for  p r a c t i c a l  use  of f o r m u l a s  (24)-  
(30) i t  i s  n e c e s s a r y  in addi t ion  to the  flow cons tan t s ,  
to give  the  P r a n d t l  n u m b e r  va lue s .  

If the  j e t  s o u r c e  i s  a s l i t  of he ight  6 a be tween  the  
p l a n e s  z = 0 and a d i s k  of r a d i u s  r = a p a r a l l e l  to 
it, then, a s s u m i n g  tha t  the  s t r e a m  th rough  the  s l i t  is  
u n i f o r m  with v e l o c i t y  V a and en tha lpy  i a ,  we obtain 

*,3 ~2  2 1 Va Oa a E = (31) 
2 i~ 

We shal l  now t u r n  to d e t e r m i n a t i o n  of the  t h i cknes s  
of the  t h e r m a l  l a y e r .  To do th i s  we use  the  hea t  ba l -  
ance  equation,  which, fol lowing subs t i tu t ion  of the  
p r o f i l e s  of v e l o c i t y  and enthalpy,  t a k e s  the  f o r m  of the  
Bernou l l i  d i f f e r e n t i a l  equat ion 

diw @ M i~-k N .I--n 
dr - 7 -  - f i -  t~ = 0, (32) 

whe re  

M =  3 (1 BHa(A) ) 
3 - t -n  oA~H(A ) , ; (33) 

N = 9 (1 - -  k) M~ EH~ (5) H2 (h) -, (34) 
4 (3 + n) A~EA ~H(A) 

B / ' (0)  j! r~(n)dn; (35) 
No o 

H(a) = -A- F (n) I (~ , )dn, ;  
0 

(36) 

l ps 

H2(A) = I f"(9,) [ Fi l l )  /01,)]~d,] , .  (37) 

If we m a k e  the  subs t i tu t ion  

u (r) = i;., (3 s) 

we obta in  the  equat ion  

du n M nN 
- -  + - - u +  - -  = 0 ,  ( 3 9 )  

dr r r 4 

which has  the  g e n e r a l  so lu t ion  

u = r -~M (C - -  nNr "~- V n M  - -  3). (40) 

T h e r e f o r e ,  

i~ = r - - ~ / C - - n N r  ~M-3 / (nM - -3 )  . (41) 

If we a s s u m e  tha t  nM ~ 3 and i w = i{v at  r = a  = 1, 
we find 

,n  
C = iw + nN/ (nM --  3). (42) 

Then, to d e t e r m i n e  6 T, we obta in  the  equat ion 

,n  
i~ nN 

i~ = r-Tg ~ @ (nM - -  3) r nM (1 --  rnM-a), (43) 

o r  

~w rnza - -  ~'~ _ 3n (k --  1) M~  a EH~ (h) H2 (h) , (44) 
1 - -  r nM-3 4A2oEa [3gM H (h) - -  nBHa (s 

w h e r e  #w'  i s  the  va lue  of the  v i s c o s i t y  at the wall ,  at 
r = a = l .  
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, Parameters 

Vmax 

G 

K . 

"C w 

C~ 

GK 

NUr,w 

CfNUr,w 

Bas ic  Flow and Heat  T r a n s f e r  P a r a m e t e r s  

for ~[ for 

0.13D 

11.47D 

0.22D 

20.4D 

0.025D 

6.4D 

0.25D 

0.14D 

0.9 

f o r .  ' ~ 

0..15D, ' 

10.83D 

O, 28D 

16.77D 

0.034D 

6.9D 

0.31D 

0.148D 

1.08 

0.19D 

10.39D 

0.36D 

14.73D 

0,044D 

7. 2D 

0.39D 

0.15D 

,1.1 

i_V/  p~ E 

~ ~ EP 

El V ES 

4 /  3 ~bE1r 5 
pw E 

Pw~ E~ ru 

pwE 

E 
~2 

E1 

V Pw E 
3 5 ~ r  
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If t h e r e  i s  no ene rgy  diss ipat ion ,  then putting N = 
= 0 in (43), we obtain 

." --M i ~ = ~ r  , (45) 

i. e . ,  the equat ion fo r  d e t e r m i n i n g  6 T takes  the f o r m  

A 6 H (A)/H~ (A) = BIn r/(~ In [r ~(iJi~)3+~]. (46) 

In the case  when the wall  t e m p e r a t u r e  is constant ,  

i. e . ,  i w = i w = const ,  we obtain in p lace  of the dif-  
f e r e n t i a l  equat ion (32), an equation to d e t e r m i n e  5 T in 
the f o r m  

M i~,+ N .~_~ 
- -  t~, = 0  ( 4 7 )  

r F 4 

o r  

A0 /-/(A) B , 3(k-- I) M~E/-/I(A)/-/~(A) (48) 
- -  -r- - f �9 

H 1 (A)  f f  4A~ t% E1 ra 

Hence, we see  that  a l lowance  fo r  e n e r g y  d i s s ipa t ion  
is of app rec i ab l e  i m p o r t a n c e  only in the neighborhood 
of the point of efflux of the je t  along the wall .  At suf-  
f i c ien t ly  l a r g e  va lues  of r >>R 0, as  d e t e r m i n e d  e x p e r -  
imenta l ly ,  the second t e r m  on the r igh t  s ide of (48) 

drops  out, and we obtain 

A ~ H (A)/Hz (h) = B/a. (49) 

This  equat ion a l lows us to find 6 T fo r  the p r o b l e m  
of flow ove r  a wal l  of a c o m p r e s s i b l e  fluid with con-  

s tant  wal l  t e m p e r a t u r e  and in the absence  of ene rgy  

dis sipation.  
Knowing A, le t  us d e t e r m i n e  the hea t  t r a n s f e r  

coeff ic ient ,  and the Nusse l t  t h e r m a l  s i m i l a r i t y  p a r a m -  
e te r ,  r e f e r r e d  to the d i s tance  r f r o m  the source ,  

f r o m  the f o r m u l a s  

~ = ~ (o), (50) 

N u , = =  3f(0) 4/l/ 4pwEH~(A) (51) 
�9 4 A 3  ~ /  3 3 3~wAo A Eft  

We note that  in f low along a wall  of a je t  of c o m -  
p r e s s i b l e  fluid, the r e l a t i o n  

C t Nut ~ -- - -  3[' (0)//1 (A) _-- const (52) 
, 2A~A 4 

wil l  hold. 
If the  ve loc i ty  f ie ld  is approx ima ted  by a second 

d e g r e e  polynomial ,  

F (~) = 40 (I --~), (53) 

and the temperature field by a third degree polynomial, 

[ (n0 = (1 --~03, (54) 

then the basic characteristics of the flow and of heat 
transfer, for Prandtl number values ff = 0. 536, 0.72, 
and i, in the case of constant wall temperature, and 
in the absence of energy dissipation, will be determined 
by the formulas given in the table. 

We see from the table that variation of Prandtl 
number in the range 0.536 to 1 has practically no ef- 
fect on Cf, and even less effect on the Nusselt number. 
Therefore, if the effect of Prandtl number is neglected, 
the calculations are simplified even more. 
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